The objective of this paper is to develop neutrosophic quadruple algebraic hyperstructures. Specifically, we develop neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical hypergroups and neutrosophic quadruple hyperrings and we present elementary properties which characterize them.
Introduction
The concept of neutrosophic quadruple numbers was introduced by Florentin Smarandache [18] . It was shown in [18] how arithmetic operations of addition, subtraction, multiplication and scalar multiplication could be performed on the set of neutrosophic quadruple numbers. In [1] , Akinleye et.al. introduced the notion of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were studied and their basic properties were presented. In the present paper, two hyperoperations+ and× are defined on the neutrosophic set N Q of quadruple numbers to develop new algebraic hyperstructures which we call neutrosophic quadruple algebraic hyperstructures. Specifically, it is shown that (N Q,×) is a neutrosophic quadruple semihypergroup, (N Q,+) is a neutrosophic quadruple canonical hypergroup and (N Q,+,×) is a neutrosophic quadruple hyperrring and their basic properties are presented. is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple number (a, bT, cI, dF ) representing any entity which may be a number, an idea, an object, etc, a is called the known part and (bT, cI, dF ) is called the unknown part. 
Definition 1.4 ([18]). [Absorbance Law
] Let X be a set endowed with a total order x < y, named " x prevailed by y" or "x less stronger than y" or "x less preferred than y". x ≤ y is considered as "x prevailed by or equal to y" or "x less stronger than or equal to y" or "x less preferred than or equal to y".
For any elements x, y ∈ X, with x ≤ y, absorbance law is defined as
x.y = y.x = absorb(x, y) = max{x, y} = y (1.5) which means that the bigger element absorbs the smaller element (the big fish eats the small fish). It is clear from (1.5) that
x.x = x 2 = absorb(x, x) = max{x, x} = x and (1.6)
Analogously, if x > y, we say that "x prevails to y" or "x is stronger than y" or "x is preferred to y". Also, if x ≥ y, we say that "x prevails or is equal to y" or "x is stronger than or equal to y" or "x is preferred or equal to y". Definition 1.5. Consider the set {T, I, F }. Suppose in an optimistic way we consider the prevalence order T > I > F . Then we have:
Analogously, suppose in a pessimistic way we consider the prevalence order T < I < F . Then we have:
Except otherwise stated, we will consider only the prevalence order T < I < F in this paper. (i) x − y ∈ N QJ, (ii) xr ∈ N QJ and rx ∈ N QJ.
Definition 1.13 ([1]
). Let N QR and N QS be two neutrosophic quadruple rings and let φ : N QR → N QS be a mapping defined for all x, y ∈ N QR as follows:
. Then φ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple monomorphism, endomorphism, isomorphism, and other morphisms can be defined in the usual way. Definition 1.14. Let φ : N QR → N QS be a neutrosophic quadruple ring homomorphism. 31
(i) The image of φ denoted by Imφ is defined by the set Imφ = {y ∈ N QS : y = φ(x), for some x ∈ N QR}.
(ii) The kernel of φ denoted by Kerφ is defined by the set Kerφ = {x ∈ N QR : φ(x) = (0, 0, 0, 0)}. 
there exists a neutral element 0 ∈ H such that x + 0 = {x} = 0 + x, for all x ∈ H, (iv) for every x ∈ H, there exists a unique element −x ∈ H such that 0 ∈ x + (−x) ∩ (−x) + x, (v) z ∈ x + y implies y ∈ −x + z and x ∈ z − y, for all x, y, z ∈ H. A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical hypergroup under the same hyperaddition as that of H that is, for every a, b ∈ A, a − b ∈ A. If in addition a + A − a ⊆ A for all a ∈ H, A is said to be normal. Definition 1.18. A hyperring is a tripple (R, +, .) satisfying the following axioms:
(i) (R, +) is a canonical hypergroup, (ii) (R, .) is a semihypergroup such that x.0 = 0.x = 0 for all x ∈ R, that is, 0 is a bilaterally absorbing element, (iii) for all x, y, z ∈ R,
x.(y + z) = x.y + x.z and (x + y).z = x.z + y.z.
That is, the hyperoperation . is distributive over the hyperoperation +.
Definition 1.19. Let (R, +, .) be a hyperring and let A be a nonempty subset of R. A is said to be a subhyperring of R if (A, +, .) is itself a hyperring.
A is called a hyperideal of R if A is both left and right hyperideal of R.
Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal in R, if r + A − r ⊆ A, for all r ∈ R.
For full details about hypergroups, canonical hypergroups, hyperrings, neutrosophic canonical hypergroups and neutrosophic hyperrings, the reader should see [3, 14] 32
Development of neutrosophic quadruple canonical hypergroups and neutrosophic quadruple hyperrings
In this section, we develop two neutrosophic hyperquadruple algebraic hyperstructures namely neutrosophic quadruple canonical hypergroup and neutrosophic quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be real neutrosophic quadruple numbers i.e a, b, c, d ∈ R for any neutrosophic quadruple number (a, bT, cI, dF ) ∈ N Q. Definition 2.1. Let + and . be hyperoperations on R that is x + y ⊆ R, x.y ⊆ R for all x, y ∈ R. Let+ and× be hyperoperations on N Q.
(i) To show that x+y = y+x, let x+y = {a = (a 1 , a 2 T, a 3 I, a 4 F ) :
(ii) To show that that x+(y+z) = (x+y)+z, let y+z = {w = (w 1 , w 2 T, w 3 I, w 4 F ) :
, it follows that x+(y+z) = (x+y)+z.
(iii) To show that 0 = (0, 0, 0, 0) ∈ N Q is a neutral element, consider
Similarly, it can be shown that (0, 0, 0, 0)+x = {x}. Hence 0 = (0, 0, 0, 0) ∈ N Q is a neutral element.
(iv) To show that that for every x ∈ N Q, there exists a unique element−x ∈ N Q such that 0 ∈ x+(−x) ∩ (−x)+x, consider
This shows that for every x ∈ N Q, there exists a unique element−x ∈ N Q such that 0 ∈ x+(−x) ∩ (−x)+x.
(v) Since for all x, y, z ∈ N Q with x i , y 1 , z i ∈ R, i = 1, 2, 3, 4, it follows that z ∈ x+y implies y ∈−x+z and x ∈ z+(−y). Hence, (N Q,+) is a canonical hypergroup. Proof. Let x = (x 1 , x 2 T, x 3 I, x 4 F ), y = (y 1 , y 2 T, y 3 I, y 4 F ), z = (z 1 , z 2 T, z 3 I, z 4 F ) ∈ N Q be arbitrary with x i , y i , z i ∈ R, i = 1, 2, 3, 4. 34
(ii) To show that x×(y×z) = (x×y)×z, let
Also, let
Substituting w i of (2.3) in (2.4) and also substituting u i of (2.5) in (2.6), where i = 1, 2, 3, 4 and since p i , q i , u i , w i , x i , z i ∈ R, it follows that x×(y×z) = (x×y)×z. Consequently, (N Q,×) is a semihypergroup which we call neutrosophic quadruple semihypergroup. Definition 2.8. Let (N Q,+) be a neutrosophic quadruple canonical hypergroup. For x i ∈ N Q with i = 1, 2, 3 . . . , n ∈ N, the heart of N Q denoted by N Q ω is defined by
In Example 2.4, N Q ω = N Q.
Definition 2.9. Let (N Q 1 ,+) and (N Q 2 ,+ ) be two neutrosophic quadruple canonical hypergroups. A mapping φ : N Q 1 → N Q 2 is called a neutrosophic quadruple strong homomorphism, if the following conditions hold:
If in addition φ is a bijection, then φ is called a neutrosophic quadruple strong isomorphism and we write N Q 1 ∼ = N Q 2 . Definition 2.10. Let φ : N Q 1 → N Q 2 be a neutrosophic quadruple strong homomorphism of neutrosophic quadruple canonical hypergroups. Then the set {x ∈ N Q 1 : φ(x) = 0} is called the kernel of φ and it is denoted by Kerφ. Also, the set {φ(x) : x ∈ N Q 1 } is called the image of φ and it is denoted by Imφ. Next, let x = (x 1 , x 2 T, x 3 I, x 4 F ) ∈ N Q be arbitrary with x i , y i , z i ∈ R, i = 1, 2, 3, 4. Then
Similarly, it can be shown that 0×x = {0}. Since x is arbitrary, it follows that x×0 = 0×x = {0}, for all x ∈ N Q. Hence, 0 = (0, 0, 0, 0) is a bilaterally absorbing element.
To complete the proof, we have to show that x×(y+z) = (x×y)+(x×z), for all x, y, z ∈ N Q. To this end, let x = (x 1 , x 2 T, x 3 I, x 4 F ), y = (y 1 , y 2 T, y 3 I, y 4 F ), z = (z 1 , z 2 T, z 3 I, z 4 F ) ∈ N Q be arbitrary with x i , y i , z i ∈ R, i = 1, 2, 3, 4. Let y+z = {w = (w 1 , w 2 T, w 3 I, w 4 F ) : w 1 ∈ y 1 + z 1 , w 2 ∈ y 2 + z 2 , w 3 ∈ y 3 + z 3 ,
Substituting w i , i = 1, 2, 3, 4 of (2.7) in (2.8), we obtain the following:
so that (x×y)+(x×z) = u+v = {q = (q 1 , q 2 T, q 3 I, q 4 F ) :
Substituting u i of (2.13) and v i of (2.14) in (2.15), we obtain the following:
Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18) and (2.19), we obtain p i = q i , i = 1, 2, 3, 4. Hence, x×(y+z) = (x×y)+(x×z), for all 37
x, y, z ∈ N Q. Thus, (N Q,+,×) is a hyperring which we call neutrosophic quadruple hyperring. (ii) For all x ∈ N J and r ∈ N Q, x×r, r×x ⊆ N J. A neutrosophic quadruple hyperideal N J of N Q is said to be normal in N Q, if x+N J−x ⊆ N J, for all x ∈ N Q. Definition 2.14. Let (N Q 1 ,+,×) and (N Q 2 ,+ ,× ) be two neutrosophic quadruple hyperrings. A mapping φ : N Q 1 → N Q 2 is called a neutrosophic quadruple strong homomorphism, if the following conditions hold:
If in addition φ is a bijection, then φ is called a neutrosophic quadruple strong isomorphism and we write N Q 1 ∼ = N Q 2 .
Definition 2.15. Let φ : N Q 1 → N Q 2 be a neutrosophic quadruple strong homomorphism of neutrosophic quadruple hyperrings. Then the set {x ∈ N Q 1 : φ(x) = 0} is called the kernel of φ and it is denoted by Kerφ. Also, the set {φ(x) : x ∈ N Q 1 } is called the image of φ and it is denoted by Imφ. Example 2.16. Let (N Q,+,×) be a neutrosophic quadruple hyperring and let N X be the set of all strong endomorphisms of N Q. If ⊕ and are hyperoperations defined for all φ, ψ ∈ N X and for all x ∈ N Q as
then (N X, ⊕, ) is a neutrosophic quadruple hyperring.
Characterization of neutrosophic quadruple canonical hypergroups and neutrosophic hyperrings
In this section, we present elementary properties which characterize neutrosophic quadruple canonical hypergroups and neutrosophic quadruple hyperrings. If x and y are any two elements of N H and τ is a relation on N H defined by xτ y if x ∈ y+N H, it can be shown that τ is an equivalence relation on N H and the equivalence class of any element x ∈ N H determined by τ is denoted by [x] . Lemma 3.6. For any x ∈ N H, we have
Proof. (1) [x] = {y ∈ N H : xτ y} = {y ∈ N H : y ∈ x+N H} = x+N H.
(2) Obvious. Proof. Same as the classical case and so omitted.Theorem 3.9. Let (N Q,+) be a neutrosophic quadruple canonical hypergroup and let N H be a normal neutrosophic quadruple subcanonical hypergroup of N Q. Then, for any x, y ∈ N H, the following are equivalent:
( 
Conclusion
We have developed neutrosophic quadruple algebraic hyperstrutures in this paper. In particular, we have developed new neutrosophic algebraic hyperstructures namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical hypergroups and neutrosophic quadruple hyperrings. We have presented elementary properties which characterize the new neutrosophic algebraic hyperstructures.
